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Abstract 

We present a finite-dimensional and smooth formulation of string 
structures on spin bundles. It uses trivializations of the Chern-Simons 
2-gerbe associated to this bundle. Our formulation is particularly suit- 
able to deal with string connections. We prove that every string struc- 
ture admits a string connection and that the possible choices form 
a contractible space. We also provide a new relation between string 
connections and 3-forms on the base manifold. 

Keywords: geometric string structure, string connection, 2-gerbe, Chern- 
Simons theory. 



Introduction 

This article is concerned with a smooth manifold M, a principal spin bun- 
dle P over M, and an additional structure on P called "string structure". 
From a purely topological point of view, a string structure on P is a certain 
cohomology class G H^(P, Z). 

We prove that a string structure on P can equivalently be understood 
as a trivialization of a geometrical object over M, namely of a bundle 2- 
gerbe CSp. This bundle 2-gerbe is canonically associated to P and plays in 
important role in classical Chern-Simons theory. Our aim is to use this new 
formulation as a suitable setup to study string connections. 

A string connection is an additional structure for a connection A on P 
and a string structure on P. The combination of a string structure and 
a string connection is also called a "geometric string structure" on the pair 



(P, A). We give a new and simple definition of a string connection in terms of 
connections on bundle 2-gerbes, and show that it is equivalent to the original 



notion introduced by Stolz and Teichner |ST04j . We provide the following 
list of new results on string connections: 

• Geometric string structures form a 2-category, whose set of isomor- 
phism classes of objects is parameterized by the degree three differential 
cohomology of M. 

• Canonically associated to every string connection is a 3-form on M, 
whose pullback to P differs from the Chern-Simons 3-form by a closed 
3-form with integral periods. 

• For every string structure on P and every connection A there exists a 
string connection. The set of possible string connections is an affine 
space. 

Back in the eighties, string structures emerged from the study of two- 
dimensional supersymmetric field theories by Killingback |Kil87| and Witten 
|Wit86| . In these applications, the principal spin bundle P is a spin structure 
on an oriented Riemannian manifold M. In this case one also speaks about 
a string structure on M rather than on P. More recently, an interesting 
relation between string structures on M, metrics of positive Ricci curvature 
and the Witten genus has been conjectured |Sto96 . 



A first mathematical framework for string structures has been developed 
by McLaughlin |McL92| : a string structure on P is a lift of the structure 
group of the "looped" bundle LP over LM from LSpin(n) to its basic central 
extension. Another formulation has been proposed by Stolz and Teichner 
|ST04| : a string structure on P is a lift of the structure group of P from 
Spin(n) to a certain three-connected central extension: the string group. 
This group is not a Lie group, but can be realized by an infinite-dimensional 



Frechet Lie 2-group |B(]SSn7l 



Equivalence classes of Stolz-Teichner string structures on P are in bijec- 
tion to certain classes ^ G H^(Spin(n), Z); this leads to the formulation we 
have used above. 

One common aspect of McLaughlin's and the Stolz-Teichner approach 
is that both reveal string structures as objects in a category rather than 
elements of a set. This is essential if one wants to equip string structures with 
additional data like string connections. Another aspect is that - although the 
underlying setup (the bundle P and the manifold M) is finite-dimensional - 
both approaches involve infinite-dimensional structures! 
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The main innovation of our new formulation of a string structure is that 
it remains in the category of finite-dimensional, smooth manifolds. This be- 
comes possible due to recent work of Gaw^dzki-Reis |GR02| and Meinrenken 
|Mei02| on the "basic gerbe" over a simple, compact Lie group, which enters 
the construction of the Chern-Simons 2-gerbe CSp. A second novelty is that 
our formulation exhibits string structures as objects in a 2-category rather 
than in a category: we thus uncover one further layer of structure. 

String connections have been introduced by Stolz and Teichner as "triv- 
ializations" of a certain Chern-Simons theory |ST04| . Our new definition of 
a string connection has the advantage that it can be expressed as a couple 
of real-valued differential forms of degrees one and two. Our approach also 
shows that string connections can systematically be understood as an appli- 
cation of the theory of connections on bundle 2-gerbes. In the proofs of our 
results we use and extend this existing theory. 

Our results on string connections make progress in two aspects. The first 
concerns the relation between string structures and 3-forms on M, which 
became apparent in Redden's thesis in the presence of a Riemannian metric 
on M |Red06| . Here we could identify the 3-form as a genuine feature of a 
string connection. The second aspect is that we settle the existence of string 
connections and the homotopy type of the space of string connections. These 
results verify a conjecture of Stolz and Teichner. 

This article is organized in the following way. In the next section we 
present a detailed overview on our results. Sections [2] and [3] provide defini- 
tions and outline the proofs. In Section [4] we provide some background in 
bundle gerbe theory. All technical issues are collected in Section O 
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1 Summary of the Results 

We explain in Section 11.11 how string structures can be understood as triv- 
ializations of the Chern-Simons 2-gerbe. In Section 11.21 we upgrade to a 
setup with connections, and explain the relation between string connections 
and Chern-Simons theory. In Section 11.31 we present our results on string 
connections. 
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1.1 String Structures as Trivializations 

Let us start with the topological definition of a string structure and recall one 
result. Throughout this article M is a smooth manifold and n is an integer, 
n > 4. Note that Spin(n) is simple and simply-connected, and of course 
compact. In particular, there is a preferred generator of H^(Spin(n), Z) = Z. 

Definition 1.1.1 ( |Red06| . Def. 6.4.2). Let P he a principal Spm{n) -bundle 
over M. A string structure on P is a class ^ G H'^(-P, Z), such that for every 
point p G P the associated inclusion 

Lp : Spin(n) ^ P : g p.g 

pulls ^ back to the generator o/H^(Spin(n), Z). 

The string structures from our Definition II. 1.11 are in bijection to equiv- 
alence classes of string structures in the sense of Stolz and Teichner |ST04| . 
In their formulation, a string structure is a lift of the structure group of P 
from Spin(n) to a certain central extension 

1 ^ B\J{1) ^ String(n) ^ Spin(n) ^ 1. 

Such a lift can be seen as a i?U(l)-bundle over P; such bundles have char- 
acteristic classes ^ e H^(P, Z). Properties of the string group imply the 
condition on ^ from Definition ll.l.li We refer to jRed06| . Prop. 6.4.3 for a 
more detailed discussion. 

One can ask whether a principal Spin(n)-bundle P admits string struc- 
tures, and if it does, how many. Associated to P is a class in H^(M, Z) which 
is - when multiplied by two - the first Pontryagin class of the underlying 
SO(r;,)-bundle. Therefore it is denoted by |pi(P). 

Theorem 1.1.2 ([ST04|, Sec. 5). Let it : P ^ M be a principal Spin(n)- 
bundle over M. 

(a) P admits string structures if and only if |pi(P) = 0. 

(h) If P admits string structures, the possible choices form a torsor over 
the group H^(M, Z), where the action of rj E H^(M, Z) takes a string 
structure ^ to the string structure ^ + vr*?]. 

Next we report the first results of this article. It is a rather trivial obser- 
vation that the group H'^(M, Z) classifies geometrical objects over M called 
bundle 2-gerbes. In this article, bundle 2-gerbes are defined internal to the 
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category of smooth, finite-dimensional manifolds (see Definition I2.1.ip . The 
before-mentioned classification result for bundle 2-gerbes implies that there 
is an isomorphism class of bundle 2-gerbes over M consisting of bundle 2- 
gerbes with a characteristic class equal to \pi{P). Our first result is the 
observation that this isomorphism class has a canonical representative. 

Theorem 1.1.3. Let P be a principal Spin(n)-6i<nc?/e over M. Then, 
there exists a canonical bundle 2-gerbe over M whose characteristic class is 
|pi(M). This bundle 2-gerbe is called the Chern-Simons 2-gerbe associated 
to P, and is denoted CSp. 

An explicit construction of the Chern-Simons 2-gerbe is given in Sec- 
tion 12.11 it comes from a more general construction due to Carey, Johnson, 
Murray, Stevenson and Wang (CJM+05 . 



We remark that there also exist geometrical constructions of at least 
Pi{P) in other setups: one by Brylinski and McLaughlin in terms of sheaves 
of 2-groupoids |BM92| and one by Stevenson |Ste04| . in terms of infinite- 
dimensional bundle 2-gerbes. 

In order to detect whether |pi(P) vanishes or not we use a geometrical 
criterion for the vanishing of the characteristic class of a bundle 2-gerbe, 
called trivialization. Trivializations of a fixed bundle 2-gerbe G form a 2- 
groupoid Triv{G). We show 

Theorem 1.1.4. The bundle P admits string structures if and only if the 
Chern-Simons 2-gerbe CSp has a trivialization. If P admits string structures, 
there is a canonical bijection 



Isomorphism classes of 
trivializations o/C§p 



{ String structures on P } . 



The first part follows directly from a general result of Stevenson |Ste04| . 
see Lemma [2.2.2[ The second part are Propositions 12 . 2 . 31 and 12 . 2 in Section 
12.21 there we note that both sides are torsors over H^(M, Z) and specify a 
canonical, equivariant map. 

In the following parts of this article we take the point of view that a string 
structure on P is a trivialization of the associated Chern-Simons 2-gerbe 
CSp. As a consequence, string structures are not just a set as in Definition 
11.1.11 they inherit the structure of trivializations of bundle 2-gerbes: 

Corollary 1.1.5. String structures on a principal Spin^n) -bundle P over M 
form a 2-groupoid Iriv^CSp) . 
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1.2 String Connections as 

Connections on Trivializations 

The main objective of this article is to show that understanding string struc- 
tures as trivializations of the Chern-Simons 2-gerbe has many advantages, 
in particular when additional, differential-geometric structures become in- 
volved. 

An example for such a differential-geometric structure is a string connec- 
tion. Our first goal is to give a simple definition of a string connection. We 
shall use existing definitions and results on connections on bundle 2-gerbes. 
Basically, a connection on a bundle 2-gerbe is the same type of additional 
structure an ordinary connection is for an ordinary principal bundle. For 
example, every connection on a bundle 2-gerbe has a curvature, which is a 
closed 4-form on M that represents the characteristic class of the underlying 
bundle 2-gerbe in the real cohomology of M. 

Theorem 1.2.1. Suppose A is a connection on a principal Spm{n) -bundle 
P over M. Then, the Chern-Simons 2-gerbe CSp comes equipped with a 
canonical connection V4. The curvature oJVa is one half of the Pontryagin 
4-form associated to A. 

We give an explicit construction of the connection Va, based on results 
about connections on multiplicative bundle gerbes |Wal08| . It involves the 
Chern-Simons 3-form TP{A) G Vt^{P) which is fundamental in Chern-Simons 
theory |CS74| : hence the name of the 2-gerbe CSp. The curvature of Va is 
calculated in Lemma [3.1.2[ 

Now that the Chern-Simons 2-gerbe CSp carries a connection V4, one 
can consider trivializations of CSp that preserve the connection Va in an ap- 
propriate way. However, the term "preserve" is not accurate: it is a standard 
fact in higher gauge theory that for a morphism between two objects with 
connections, being "connection-preserving" is structure., not property. So we 
better speak of trivializations with compatible connection. Generally, if G 
is a bundle 2-gerbe with connection V, there is a 2-groupoid Triv^G, V) of 
trivializations of G with connection compatible with V. 

We propose the following 

Definition 1.2.2. Let P be a principal Spm{n) -bundle over M with con- 
nection A, and let T be a trivialization of CSp. A string connection is a 
connection T on T compatible with V4. A geometric string structure on 
(P, A) is a trivialization with string connection. 
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We suppress the details behind this definition until Section I3.2[ We only 
remark that a string connection T on a trivialization T of CSp defines in 
particular a closed 3-form Kf G ^\{P) which represents the string structure 
G H^(-P) ^) that is determined by T under the bijection of Theorem 11.1 .41 
In the remainder of this subsection we present an argument why our Def- 
inition [Tl2l2] of a string connection is appropriate. For this purpose we shall 
compare it with the original Definition 5.3.4 in |ST04| . There, a geometric 



string structure on P is characterized by its impact on the values of a classical 
Chern-Simons field theory: it gets "trivialized". 

According to a general classification result of Dijkgraaf and Witten, 
Chern-Simons theories with gauge group a compact Lie group G are clas- 
sified by H'^(_BG, Z). In the present case of G = Spin(n) our class is 

\pi e H^(5Spin(n),Z). 

Thus, we are given a canonical Chern-Simons theory Z . For the purposes 
of this section we want to restrict our attention to one aspect of the Chern- 
Simons theory Z: it assigns a number 

Z(X,P,A) gU(1) 

to each closed oriented 3-manifold X that is equipped with a principal 
Spin(rz)-bundle P with connection A. 

Following Stolz and Teichner, we "pull back" Z using a fixed Spin(n)- 
bundle P with connection A over some smooth manifold M. The result is a 
collection of smooth maps 

Zp^a{X) : C°°(X,M) U(l) : / ^ Z(X,rP,rA), 

one for each three-dimensional closed oriented manifold X. 

We say that a trivialization of Zp^A is, for each X, a lift of Zp^a{,X) 
through a smooth map 

T{X) : C°°(X,M) ^ M 
and the exponential map exp(27ri— ) : M ^ U(l). 

Theorem 1.2.3. Let P he a principal G-hundle over M with connection A. 
Then, there exists a canonical map 

J Geometric string 1 J Trivializations of the 1 
1 structures on (P, A) ( 1 Chern-Simons theory Zp^A / 
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We prove this theorem in Section [XH using that the smooth maps Zp^a{X) 
can be identified with the holonomy of the canonical connection V4 on the 
Chern-Simons 2-gerbe CSp. 

Theorem 11.2.31 shows that our notion of a geometric string structure sat- 
isfies one requirement of Definition 5.3.4 in |ST04| . The other requirements 
concern the values of the Chern-Simons theory Zp^A on closed oriented man- 
ifolds X'^ of dimensions d = 0,1,2 and d = 4. We discuss these cases in more 
detail in Section I3.4[ For d = 2, 4 we obtain further coincidence between 
the two definitions. Checking the cases d = 0,1 has to be deferred to future 
work. 

1.3 Results on String Connections 

We have argued that trivializations of the Chern-Simons 2-gerbe CSp with 
compatible connection are an appropriate reformulation of geometric string 
structures on a pair (P, A) of a principal Spin(?T,)-bundle P over M and 
a connection A on P. Using this reformulation, we are able to prove the 
following results on string connections. 

Two results are direct consequences of the general theory of bundle 2- 
gerbes with connection. The first is an analog of Corollary II. 1.51 

Corollary 1.3.1. Geometric string structures on a principal Spm{n)-bimdle 
P over M with connection A form a 2-groupoid lriv{CEip, Va)- 

The second result extends the classification Theorem ll. 1.21 (b) from string 
structures to geometric string structures. 

Corollary 1.3.2. Let P be a principal Spm{n) -bundle over M with connec- 
tion A, and suppose |pi(P) = 0. Then, {P,A) admits a geometric string 
structure. The set of isomorphism classes of geometric string structures is a 
torsor over the differential cohomology group H'^(M, Z). 

Here we understand differential cohomology in the universal sense of Si- 
mons and Sullivan |SS07| . In the context of bundle gerbes and bundle 2- 
gerbes, Deligne cohomology is often an appropriate realization. We recall 
that one feature of differential cohomology is a commutative diagram 

H^(M, Z)^^H'=(M, Z) 
n t* 
fi^i(M) ^H'=(M, M). 
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Acting with a class k G H'^(M, Z) on a geometric string structure covers the 
old action of pr(K) e H^(M, Z) on the underlying string structure. 

The next result is an interesting relation between string structures and 
3-forms on M. Such a relation has been discovered by Redden |Red06| in the 
presence of a Riemannian metric on M. 

Theorem 1.3.3. Let n : M be a principal Spm{n) -bundle over M 

with a connection A. Let (T, T) be a geometric string structure on {P,A). 
Then, there exists a unique 3-form Hy G n^{M) such that 

Tr*Hj = Ky + TP{A), 

where is the canonical 3-form which represents the string structure 
associated to T, and TP{A) is the Chern-Simons 3-form associated to the 
connection A. Moreover, Hy has the following properties: 

1. Its derivative is one half of the Pontryagin 4-form of A. 

2. It depends only on the isomorphism class of (T, T). 

3. For K e E^{M, Z) we have 

under the action of Corollary \1.3.2[ 

This theorem follows from Lemmata l3.2.4l and 13.2.51 It remains an inter- 
esting open question, if a string connection Jg can be chosen depending on 
a Riemannian metric g on M such that Hj^ coincides with Redden's 3-form. 

Our last result is 

Theorem 1.3.4. For P a principal Spm{n) -bundle over M, let T be a tri- 
vialization of CE>p. For any choice of a connection A on P, there exists a 
string connection T on T. The set of string connections on T is an affine 
space. 

This result verifies a conjecture of Stolz and Teichner (see |ST04| . The- 
orem 5.3.5). For the proof of Theorem 11.3.41 we show in full generality that 
every trivialization of every bundle 2-gerbe with connection admits a con- 
nection (Proposition 13.3. ll) . and that the set of such connections is an affine 
space (Proposition 13.3.41) . 



9 



2 Bundle 2-Gerbes and their Trivializations 



We provide the definitions of bundle 2-gerbes and their trivializations, de- 
scribe their relation to string structures and prove the results outlined in 
Section ll.li 

2.1 The Chern-Simons Bundle 2-Gerbe 

We give the details for the proof of Theorem ll.l.3t we describe the construc- 
tion of the Chern-Simons 2-gerbe CSp associated to a principal Spin(n)- 
bundle P. 

First we recall the definition of a bundle 2-gerbe, which is based very 
much on the notion a bundle (l-)gerbes introduced by Murray |Mur96j . All 
bundle gerbes in this article will be principal U(l)-bundle gerbes. Since 
bundle gerbes become more and more common, I just want to recall a few 
facts. 

1. For M a smooth manifold, bundle gerbes over M form a strictly mono- 
idal 2-groupoid Qrb{M). Its 1-morphisms will be called isomorphisms , 
and its 2-morphisms will be called transformations . 

2. Denoting by h.oQrb{M) the group of isomorphism classes of bundle ger- 
bes over M, there exists a canonical group isomorphism 

DD : hoGrbiM) B.^{M, Z). 

For Q a bundle gerbe, DD(^) is called the Dixmier-Douady class of Q. 

3. For / : M N a smooth map, there is a pullback 2-functor 

/* : grb{N) grb{M), 

and whenever smooth maps are composable, the associated 2-functors 
compose strictly. 

For convenience, I have provided some basic definitions in Section [4?T1 Apart 
from these, the reader is referred to |SWl IMur07| for introductions, and to 
[SteOOl IWal07b| for detailed treatments. 

Let us fix some notation. We say that a covering of a smooth manifold M 
is a surjective submersion n : Y M. We denote the fc-fold fibre product 
of F with itself by F^. This is again a smooth manifold, and for integers 
k > p, all the projections 

VTn,...., : Y^'^ : (yi, ...,!/,) ^ 

are smooth. 
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Definition 2.1.1 f fSteOiJ . Def. 5.3). A bundle 2-gerhe over M is a covering 
TT : Y — ^ M together with a bundle gerbe V over Y^'^\ an isomorphism 

of bundle gerbes over Y^^\ and a transformation 



idiX)7r|34A4 




24' 



over 



Y^^\ which satisfies the pentagon 



axiom. 



The isomorphism Ai is called product and the transformation /x is 
called associator. We have sketched the pentagon axiom in Figure [T] on 
page HOI Every bundle 2-gerbe G over M defines a characteristic class 
CC(G) G H*^(M, Z), analogous to the Dixmier-Douady class of a bundle 
gerbe; see |Ste04| . Prop. 7.2. 

Now let G be a Lie group. In fact we are only interested in G = Spin(n), 
but the following construction applies in general. For more details on this 
construction we refer the reader to [CJM+OSi IWal08| . 

Let 71 : P M be a principal G-bundle over M. The key idea in 
the construction of the Chern-Simons 2-gerbe CSp is to take the bundle 
projection vr : P M as its covering. Its two-fold fibre product comes with 
a canonical smooth map g : G defined by p'-g{p,p') = p, for p,p' G P 

two points in the same fibre. Suppose now we have a bundle gerbe Q over G 
available. Then we put 

V := g*g 

as the bundle gerbe of CSp. It turns out that the remaining structure, 
namely the product and the associator /x, can be understood as additional 
structure for the bundle gerbe Q over G, called a multiplicative structure. 
Bundle gerbes with multiplicative structure are called multiplicative bundle 
gerbes. 

We have thus a bundle 2-gerbe CE>p{Q) associated to every principal G- 
bundle P and every multiplicative bundle gerbe Q over G. We remark that 
multiplicative bundle gerbes Q over G are classified up to isomorphism by 
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B.^{BG,Z) via a mulUpUcative class MC(^) G R\BG,Z) |C.TM+n5| . The 
transgression 

H^(SG,Z) ^ B.%G,Z) 

takes the multiphcative class to the Dixmier-Douady class of the underlying 
bundle gerbe, see |Wal08| . Prop 2.11. 

The relation between the multiplicative class of a multiplicative bundle 
gerbe Q over G and the characteristic class of the associated Chern-Simons 
2-gerbe CE>p{Q) is 

Lemma 2.1.2 ( |Wal08| . Thm. 3.13). Let P be a principal G-bundle over 
M, and let rj : M BG be a classifying map for P. Then, 

cc{C8p{g)) = ri*MCig). 

Let us restrict to G = Spin(n), and a assume a principal Spin(n)-bundle 
P over M with a classifying map rj. Suppose we have a multiplicative bundle 
gerbe Q over G such that 

r]*MC{g) = Ipi{P) eli\M,Z) 

Then, by Lemma [2. 1.21 we obtain 

CC(C§p) = ij9i(P), 

which proves Theorem 11.1.31 

In order to find a canonical multiplicative bundle gerbe Q satisfying (j2.1.ip 
we infer the following result of McLaughlin. 

Lemma 2.1.3 ( |McL92| . Lemma 2.2). Let P be a principal Spm{n)-bundle 
over M , and let rj : M — ^ SSpin(n) be a classifying map for P. There is 
a unique r G H^(-BSpin(ri), Z) whose transgression is the preferred generator 
o/ H'^(Spin(n), Z). Moreover, 

r^*T=\p,{P). 

The lemma tells us that the multiplicative bundle gerbe Q we want to find 
has multiplicative class equal to r. In turn, this means that the underlying 
bundle gerbe Q has a Dixmier-Douady class equal to the preferred genera- 
tor of H^(Spin(n), Z). This bundle gerbe is well-known and called the basic 
gerbe over Spin(n). It enjoys an explicit. Lie-theoretical canonical construc- 
tion in the category of smooth, finite-dimensional manifolds, carried out by 
Gaw(^dzki-Reis |(]Rn2) and Meinrenken |Mein2) . 



(2.1.1) 
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The multiplicative structure on the basic gerbe Q can be constructed 
in the same manner, although this construction has not appeared in the 
literature. Anyway, by the above-mentioned classification result for multipli- 
cative bundle gerbes, the multiplicative structure on the basic bundle gerbe 
is unique at least up to isomorphism. Picking one of these, the construction 
of the Chern-Simons 2-gerbe CSp is completed. 

2.2 Trivializations and String Structures 

Next is the proof of Theorem 11.1.41 we explain the relation between trivial- 
izations of the Chern-Simons 2-gerbe CSp associated to a principal Spin(n)- 
bundle P over M and string structures on P. 

Definition 2.2.1 ( |Sten4| . Def. 11.1). Let G = {Y,V,M,fi) be a bundle 
2-gerbe over M. A trivialization of G is a bundle gerbe S over Y , together 
with an isomorphism 

of bundle gerbes over F^^^ and a transformation 



over Y^^ which is compatible with the associator jji. 

The compatibility condition is shown in Figure [2] on page SOI it will 
only become important in Section O The purpose of a trivialization is the 
following. 

Lemma 2.2.2 ( |Ste04j . Proposition 11.2). The characteristic class of a bun- 
dle 2-gerbe vanishes if and only if it admits a trivialization. 

Applied to the Chern-Simons 2-gerbe CSp, Lemma [2.2.2I proves the first 
part of Theorem 11.1.41 P admits a string structure if and only if CSp admits 
a trivialization. The second part follows from Propositions 12.2.31 and 12.2.61 
below. The first proposition explains what a trivialization has to do with a 
string structure. 
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Proposition 2.2.3. Let P be a principal Spm{n) -bundle over M, and let 
T = [S,A,a) be a trivialization of the Chern- Simons 2-gerbe CSp. Then, 

i := DD(5) G H^(P,Z) 

is a string structure on P in the sense of Definition \l.l.l\ 

Proof. We have to show that the pullback of DD(iS) along an inclusion 
bp : Spin(n) ^ P is the generator of H^(Spin(n), Z). By construction, this 
is nothing but the Dixmier-Douady class of the basic gerbe Q which entered 
the structure of the Chern-Simons 2-gerbe CSp. 

Consider the isomorphism A : g*Q ® n^S n^S of bundle gerbes over 
which is part of T. For 

Sp : Spin(n) ^ Pl^l : g {p.g,p) 

we observe that go Sp = id, tti o Sp = ip, and 112 o Sp is a constant map. Thus, 
the pullback s^A implies on the Dixmier-Douady classes 

DD(e;) = DD(.;5), 

since a bundle gerbe over a point has vanishing Dixmier-Douady class. □ 

For the second proposition we require two lemmata. 

Lemma 2.2.4. Trivializations of a fixed bundle 2-gerbe G form a 2-groupoid 
denoted 7riv{G). 

This also implies Corollary ll.l.Si For the moment it is enough to note that 
a 1-morphism between trivializations {Si,Ai,ai) and {S2,A2,o'2) involves 
an isomorphism B : Si S2 between the two bundle gerbes. We defer a 
complete treatment of the 2-groupoid TriviG) to Section ISTTl 

The next lemma equips the 2-groupoid TriviG) with an additional struc- 
ture. 

Lemma 2.2.5. The 2-groupoid 'Jriv{G) has the structure of a module over 
the monoidal 2-groupoid Qrb{M) of bundle gerbes over M. Moreover: 

(i) If T = {S,A,a) is a trivialization of G and K is a bundle gerbe over 
M , the new trivialization T./C has the bundle gerbe S ® 7r*/C. 

(ii) On isomorphism classes a free and transitive action of the group 
h.QQrh{M) on the set h-oTriviG) is induced. 
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The definition of this action and the proof of its properties is an exercise 
in bundle gerbe theory and deferred to Section I5.2[ 

Now we can complete the proof of Theorem ll.l.4[ 

Proposition 2.2.6. Let P be a principal Spm{n) -bundle over M . Then, the 
assignment 

Isomorphism classes of 
trivializations o/CSp 



{ String structures on P } 
{S,A,a) ^ DD(5) 



defines a bisection. 



Proof. After what we have said about the 1-morphisms between 
trivializations, the assignment {S,A,o-) \—^ DD(i5) does not depend on the 
choice of a representative. With Proposition 12.2.31 it is hence well-defined. 
It is a bijection because it is an equivariant map between H^(M, Z)-torsors: 
domain and codomain are torsors due to Lemma 12.2.51 (ii) and Theorem 
11.1.21 (b). The equivariance follows from Lemma [2.2.51 (i). □ 



Remark 2.2.7. One can regard a trivialization of a bundle 2-gerbe G as 
a "twisted gerbe", analogous to the notion of a twisted line bundle, which 
is nothing but a trivialization of a gerbe (see |Wal07b| . Sec 3). This point 
of view underlies a project of Sati, Schreiber, Skoda and Stevenson |SSSS . 
Their approach also allows to consider "higher rank" twisted gerbes, which 
exist even when CC(G) is non-trivial but torsion. 



3 Connections on Bundle 2-Gerbes 

We provide definitions of connections on bundle 2-gerbes and on their trivi- 
alizations, introduce our notion of a string connection and outline the proofs 
of our results on string connections. 

3.1 Connections on Chern-Simons 2-Gerbes 

We prove Theorem II. 2. It for CSp the Chern-Simons 2-gerbe associated to a 
principal Spin(n)-bundle P, we construct a canonical connection Va on CSp 
associated to connection A on P. 

Again, I only want to recall a few facts on connections on bundle gerbes. 
Basic definitions are provided in Section 14.21 and further available in |SteOOl 
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IWal07b| . An important feature of a connection V on a bundle gerbe Q is 
its curvature, which is a closed 3-form curv(V) G Q^{M) and represents 
the Dixmier-Douady class DD(^) in real cohomology. Bundle gerbes with 
connection form another 2-groupoid Qrb^{M) , which has a forgetful 2-functor 

grh^{M) grb{M). 

As already mentioned in Section 11.21 one has to be aware that for an isomor- 
phism to be "connection-preserving" is structure, not property, see Definition 
I4.2.3[ Thus, the 1-morphisms of Qrh'^{M) are isomorphisms with compatible 
connection. The 2-morphisms are connection-preserving transformations . 

Definition 3.1.1. Let G = (F, P, be a bundle 2-gerbe over M. A 

connection on G is a 3-form B e n^{Y), together with a connection 'V onV 
of curvature 

curv(V) = n^B - n^B, (3.1.1) 

and a compatible connection on the product M., such that the associator fj, is 
connection-preserving. 

Analogously to bundle gerbes with connection, every connection on a 
bundle 2-gerbe has a curvature. It is the unique 4- form F G fi'^(M) such 
that 71* F = dB. It is closed and its cohomology class coincides with the 
image of CC(G) in real cohomology ( |Ste04| . Prop 8.2). 

We recall from Section ETT] that the Chern-Simons 2-gerbe CE>p{Q) is de- 
fined from two parameters: the principal G-bundle P and a canonical multi- 
plicative bundle gerbe Q over G. It turns out that a connection on CE>p{Q) is 
determined by three parameters: a connection A on P, an invariant bilinear 
form (— , — ) on the Lie algebra q of G, and a certain kind of connection on 
the multiplicative bundle gerbe Q |Wal08| . 

For the case of G = Spin(n) we choose the bilinear form to be the Killing 
form on spin(n) , normalized such that the closed 3-form 

H = 1(0 A[e AO]) e fi3(Spin(n)), (3.1.2) 

with 6 the left-invariant Maurer-Cartan form, represents the image of the 
preferred element 1 G H^(Spin(?T,), Z) in real cohomology. 

Let us briefiy recall the construction of connections on Chern-Simons 2- 
gerbes C§>p{Q) as described in |Wal08| . The first ingredient, the 3-form on 

P, is the Chern-Simons 3-form 

TP{A) := (AAdA) + 1{AAAAA) e Q^P). 
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The reason to choose this particular 3-form becomes clear when one computes 
the difference between its two pullbacks to P^^, which is 

tt;TP{A) - nlTP{A) = g*H + duj, 

with H the 3-form (I3.1.2I) and a certain 2-form to E r2^(p[^l). According to 
condition (I3.1.ip . this difference has to coincide with the curvature of the 
connection on the bundle gerbe V = g*Q of CSp(^). 

The constructions of Gaw^dzki-Reis and Meinrenken of the basic bun- 
dle gerbe Q also include the construction of a canonical connection on Q of 
curvature H. So, the pullback gerbe V = g*Q carries a connection of curva- 
ture g*H. This connection can further be modified using the 2-form uj (see 
Lemma [3 .3 .SI) , such that the resulting connection on V has the desired 
curvature g*H + doj. Thus, the connection V,^ on V qualifies as the second 
ingredient of the connection on CSp. 

It is discussed in detail in |Wal08| how one can continue this construction 
of the connection Va- The only further structure one needs is a connection on 
the multiplicative structure on ^. As for the multiplicative structure itself, 
no explicit construction of this connection available in the literature at this 
point. A general classification result ( |Wal08| . Cor. 2.6) assures that the 
connection exists and is unique up to isomorphism. We shall continue by 
picking one of these, so that we finally obtain a connection Va on CSp. 

Lemma 3.1.2 ( |Wal08| . Thm. 3.13). The curvature of the connection Va 
on the Chern-Simons 2-gerbe CSp is the 4-form 

{VIa a VIa) G Vl\M), 

where VLa is the curvature of A. 

Since the curvature of any bundle 2-gerbe represents its characteristic 
class, which is here |pi(P), it follows that the curvature of is one half of 
the Pontryagin 4-form of P. (The factor | does not appear in the formula 
for the curvature, because we have normalized the bilinear form (— , — ) with 
respect to Spin(n) and not with respect to SO(r;,).) 

3.2 Connections and Geometric String Structures 

We give the details of our new notion of a string connection as a compatible 
connection on a trivialization of the Chern-Simons 2-gerbe CSp. Then we 
prove Theorem 11.3.31 the relation between geometric string structures and 
3-forms. 
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Definition 3.2.1. Let G be a bundle 2-gerbe over M with connection, and 
let T = {S, A, a) be a trivialization of G. A compatible connection T on T 
is a connection on the bundle gerbe S and a compatible connection on the 
isomorphism A, such that the transformation a is connection-preserving. 

The 3-form K^^ we have mentioned in Section 11.21 is the curvature of the 
connection on the bundle gerbe S. Under the bijection of Proposition 12.2.61 
it thus represents the string structure = DD(5) in real cohomology. 

First we generalize Lemma [2.2.21 to the setup with connection. 

Lemma 3.2.2. LetG be a bundle 2-gerbe with connection. Then, CC(G) = 
if and only if G admits a trivialization with compatible connection. 

It is clear that if a trivialization with compatible connection is given, then 
CC(G) = by Lemma [2. 2. 2[ We prove the converse in Section [531 using the 
fact that bundle 2-gerbes are classified by degree four differential cohomology. 

Concerning the algebraic structure of trivializations with connection, we 
have 

Lemma 3.2.3. Let G be a bundle 2-gerbe with connection V and CC(G) = 0. 

(i) The trivializations of G with compatible connection form a 2-groupoid 
Triv{G,V). 

(a) The 2-groupoid TriviG^V) is a module for the monoidal 2-groupoid 
Qr})^{M) of bundle gerbes with connection over M . 

(Hi) On isomorphism classes, a free and transitive action of the group 
ho^r6^(M) on the set ho'7riw(G, V) is induced. 

This lemma is a straightforward generalization of our previous results on 
trivializations without connection, see Remarks 15.1.11 and I5.2.1[ 

We recall from |MSOO| . Thm. 4.1, that bundle gerbes with connection are 
classified by degree three differential cohomology, 

\ioQrh^{M) = H3(M,Z). 

Under this identification, the two maps 

pr : R^{M, Z) ^ H=^(M, Z) and Q : H^(M, Z) ^ ^UM) 

are given by the Dixmier-Douady class of the bundle gerbe, and the curvature 
of its connection, respectively. Together with Lemma 13.2.31 this implies 
Corollaries [TO and ITX2[ 

Now we are heading towards the proof of Theorem 11.3.31 the relation 
between geometric string structures and 3-forms. 
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Lemma 3.2.4. Let G be a bundle 2-gerbe with covering vr : Y — ^ M and a 

connection with 3-form B E Q^{Y). Let T = {S, A, cr) be a trivialization ofG 
with compatible connection T, the connection on the bundle gerbe S denoted 
by V. Then, there exists a unique 3-form Hy on M such that 

n*Hy = curv(V) + B. 

Proof. We can prove this right away. For the 3-form 

C := curv(V) + B e n^{Y) 

we compute 

7t;C - TilC = (7r;curv(V) - 7r*curv(V)) + {n^B - nlB) 
= cuTv(V) — curv('P) 
= 0. 

Here we have used condition (13.1.ip and that the isomorphism 

is equipped with a compatible connection (which imphes the equahty of the 
curvatures of the target and the source bundle gerbes). The computation 
means (see the exact sequence ( 14.2.21) ). that C is the pullback of a unique 
3-form Hj along vr : Y M. □ 

The 3-form ILf depends only on the isomorphism class of T, since the 
curvature of 5 does so. Thus, the proof of Theorem 11.3.31 is finished with the 
following calculation, which follows directly from the definitions. 

Lemma 3.2.5. Let G be a bundle 2-gerbe with connection, and let T be a 
trivialization with connection ▼ . The 3-form Hj has the following properties: 

1. dHy = curv(G). 

2. Hyx = curv(/C) + Hy 

where K, is a bundle gerbe with connection over M , and W.IC denotes the 
action from Lemma \3.2.3{ (ii). 
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3.3 Existence and Classification of 

compatible Connections on Trivializations 

Concerning our results on string connections, we are left with the proof of 
Theorem ll.3.4[ In fact a more general statement is true for trivializations of 
any bundle 2-gerbe. The first part is 

Proposition 3.3.1. Suppose T is a trivialization of a bundle gerbe G, and 
suppose V is a connection on G. Then, there exists a connection J on T 
compatible with V. 

For G = CSp, Proposition 13.3.11 implies the first part of Theorem ll.3.4[ 
Its proof requires two lemmata. 

Lemma 3.3.2 ( |Mur96| . Sec. 6). Let K be a bundle gerbe over M . Then, fC 
admits a connection. 

Lemma 3.3.3. Let G be a bundle 2-gerbe, let Ti and T2 be trivializations 
and let B : Ti — ^ T2 be a 1-morphism. Let V be a connection on G, and let 
1 be a connection on T2 compatible with V. Then, there exists a connection 
on Ti compatible with V such that B becomes a 1-morphism in 7rit>(G, V). 

The proof of this lemma is carried out in Section 15. 4[ Now we give the 
proof of the above proposition. 

Proof of Proposition 13.3. 1[ Since G has by assumption the trivialization 
T, we have CC(G) = by Lemma I2.2.2[ Hence, by Lemma 13.2.21 there 
exists a trivialization T' of G with connection compatible with V. Of 
course T' is not necessarily equal or isomorphic to the given trivialization T', 
but by Lemma [2.2.51 (ii) the isomorphism classes of trivializations of G form 
a torsor over ho^r6(M). Thus, there exists a bundle gerbe /C over M and a 
1-morphism B : T — ^ /C.T'. According to Lemma [3.3.21 every bundle gerbe 
admits a connection; so we may choose one on /C. Now we use the action of 
Lemma [3.2.3! (ii) according to which /C.T also has a compatible connection. 
Finally, by Lemma r3.3.3l the 1-morphism B induces a compatible connection 
on T. □ 

Now we want to describe the space of compatible connections on a 
fixed trivialization T = (5, A, a) of a bundle 2-gerbe G with a covering 
TT : Y — ^ M. In order to make the following statements, we have to infer 
that part of the structure of the bundle gerbe S over Y is another covering 
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uj : W Y (see Definition 14.1 .ID . The following vector space Vf associated 
to the trivialization T will be relevant. It is the quotient 

Vj := {Q\M) © Q\Y) © Q\W)) / U, 

where the linear subspace U we divide out is given by 

U := {{dx,7i*x + ^.u:*u) \ x G n\M), v e Q\Y)} . 

Now, the second part of Theorem 11.3.41 is implied by 

Proposition 3.3.4. Suppose T = {S,A,cr) is a trivialization of G, and 
suppose V is a connection on G. Then, the set of compatible connections on 
T is an affine space over Vf. 

The proof of Proposition 13.3.41 is quite technical. Most of the work is 
deferred to Sections 15.51 and 15.61 At this place we want at least give a hint 
why the vector space Vr appears. We require the following two lemmata. 
The first describes how to act on the set of connections of a fixed bundle 
gerbe. 

Lemma 3.3.5. The set of connections on a bundle gerbe S over Y is an 
affine space over the real vector space 

Vs := (fi'(y) © n\W)) I (d © cu*) 

where uj : W — Y is the covering of S. 

We prove this lemma in Section 14.21 based on results of Murray. The sec- 
ond lemma describes how to act on the set of connections on an isomorphism. 
Here we have to infer that also an isomorphism comes with its own covering. 

Lemma 3.3.6. Let A : Q — ^ Ti be an isomorphism between bundle gerbes 
with covering Z . Then, the set of connections on A is an affine space over 

n\z). 

Notice that this is a statement on the set of connections that are not 
necessarily compatible with connections on the bundle gerbes Q and TC. Its 
(obvious) proof can also be found in Section 14. 2[ 

Proof of Proposition 13. 3. 4[ Let us describe the action of the vector space 
Vtt on the set of (not necessarily compatible) connections on T = {S,A,a). 
For (-0, p, ifi) e Vt, consider the pair {rj, E Vg with rj := dp — 7i*i/j G Q'^{Y). 
It operates on the connection on the bundle gerbe S according to Lemma 
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I3.3.5[ For Z the covering space of the 1-isomorphism A \V ® 'n^S i^XS 
of bundle gerbes over Z has a projection p : Z W Xm W . Consider 



e := p*{5{ip - uj*p) e Q 



where S is the hnear map 



6 := uj;-ujI : Q\W) Q 



{W XmW) 



(cf. Lemma [4.2.2p . The 1-form e operates on the 1-isomorphism A according 
to Lemma r3.3.6[ 

It is straightforward to check that this action is well-defined under di- 
viding out the subvectorspace U: suppose we have 1-forms x ^ ^^{M) and 
u E ^^{Y) and act by the triple consisting of ip '■= dx, P '■= 7r*x + u and 
ip := uj*^. It follows that 77 = dz/ so that {rj, ip) G Vs acts trivially by Lemma 
I3.3.5[ Furthermore, we find ip — u* p = c<j*7r*x, so that its alternating sum 6 
vanishes (see again Lemma [4.2.2p . Hence, e = 0. 

The remaining steps are the content of the following lemma, which is to 



Lemma 3.3.7. The action of Vj on connections on T has the following 
properties: 

(a) It takes compatible connections to compatible connections. 

(b ) It is free and transitive on compatible connections. 

3.4 Trivializing Chern-Simons Theory 

In this section we prove Theorem ll.2.3t we show that every geometric string 
structure on a principal Spin(?7,)-bundle P with connection A gives rise to a 
trivialization of the Chern-Simons theory ZpA- The relation between ZpA 
and the Chern-Simons 2-gerbe CSp and its canonical connection has been 
described in detail in |Wal08| . It can be expressed in terms of the holonomy 
of the connection Va, which is - for each closed oriented three-dimensional 
manifold X - a smooth map 




□ 



Holv^ : C°°(X,M) ^ U(l). 



Then, the Chern-Simons theory Zp^A is defined by 



Zp,a{X)U) :=Ho1v,(/). 
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In order to see why a geometric string structure (T, T) on (P, A) determines 
a trivialization of Zp A we recall how the holonomy is defined. 

Let G be a bundle 2-gerbe with connection V over M. The pullback of G 
along / : X M is a bundle 2-gerbe over X with CC(/*G) = 0, since X 
is three-dimensional. Hence, by Lemma [3.2.21 there exists a trivialization Tf 
with compatible connection T/. Let ify^ be the canonical 3-form associated 
to (T/,T/) by Lemma[3231 Then, 

Holv(/) -.= 6x^(^2711 j^H^^y 

One can show that 3-forms Hf^ and Hy^> corresponding to different choices 
of trivializations differ by a closed 3-form with integral periods, so that the 
latter expression is independent of the choice of the trivialization. 

Notice that we have chosen, separately for each / : X M, a trivi- 
alization (Tf,Jf) of the pullback /*G. If a "global" trivialization (T, T) of 
G over M is given, we can chose Tf := f*T and ▼/ := f*J which gives 
indeed a trivialization of /*G with connection compatible with f*'VA- It is 
straightforward to check that H^^ = f*Hf. Now we see that the smooth map 

T(X) : C°°(X, M) ^ R : / ^ / f*H^ 

Jx 

lifts Holv^ , and this proves Theorem 11.2.31 

In the remainder of this section we discuss the cases of (i-dimensional 
manifolds X'^ for d = 2 and d = 4. First, for d = 4, the Chern-Simons theory 
assigns to a four-dimensional closed oriented manifold X"^ the map 

ZpAX') : C^{X\M) -^Z:f^ {[X% f* C^p^{P))) , 

where [X*] is the fundamental class of and (— , — ) denotes the pairing 
between homology and cohomology. The condition of Stolz and Teichner 
requires this map to be identically zero. This is indeed the case: since we 
have a string structure on P, |pi(P) vanishes by Theorem ll.1.41 and so does 
the pairing with the fundamental class [X'^]. 

Consider now a closed oriented surface X^. The Chern-Simons theory 
Zp^A associates to it a principal U(l)-bundle over C°°(X^, M). According to 
the general prescription of Freed |Fre02| . this principal U(l)-bundle is the 
transgression of the Chern-Simons 2-gerbe CSp and its connection Va- At 
this time there is no general theory available for the transgression of bundle 
2-gerbes, but we can at least describe the fibres of the resulting U(l)-bundle. 
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For a smooth map f : X"^ consider the set ho7rzt;(/*CSp, /*Va) 

of isomorphism classes of triviahzations of /*C§p with connection compatible 
with /*Va- By Lemma [3.2.31 (iii), this set is a torsor over H^(X^,Z). We 
use the exact sequence 

H2(M, U(l)) H3(M, Z) — ^1{M) 



in the differential cohomology of any smooth manifold M |SS07| . Since there 
are no 3-forms on the surface X^, we have 

H^(X^Z) = H=^(X^U(1)) ^ U(l). 

We have thus associated to each point / G C°°(X^, M) a U(l)-torsor - this 
is the fibre of the principal U(l)-bundle. 

It is now clear that a geometric string structure (T, T) on (P, A) selects 
an element in each of these torsors, namely the isomorphism class of the 
trivialization (/*T, /*T). This matches again the prescription of Definition 

5.3.4 in [srni] . 

Summarizing, our definition of a geometric string structure coincides with 
the prescription of Stolz and Teichner in dimensions d = 2,3,4. 



4 Background on Bundle Gerbes 

This section introduces some of the basic definitions concerning bundle gerbes 
and connections on bundle gerbes on the basis of |Wal07b| . There are a few 
new results on the duality for bundle gerbes and on the spaces of connections 
on bundle gerbes and isomorphisms. 

4.1 Bundle Gerbes 

Let M be a smooth manifold. We recall that a covering is a surjective 
submersion, and we refer to Section [2TT] for our conventions concerning fibre 
products and the labelling of projections. 

Definition 4.1.1 ( |Mur96| . Sec. 3). A bundle gerbe over M is a covering 
TT : Y — ^ M together with a principal \J{1) -bundle P over F^^^ and a bundle 
isomorphism 

II : ttI^P n;^P nl^P 
overY^^^ which is associative overY^^^ 
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The notion of an isomorphism between bundle gerbes took some time to 
develop; most appropriate for our purposes is the following generalization of 
a "stable isomorphism" |MSOO| . We consider two bundle gerbes Qi and Q2 



over M, whose structure is denoted in the same way as in Definition 14.1.11 
but with indices 1 or 2. 

Definition 4.1.2 ( |Wal07bj . Def. 2). An isomorphism A : Gi G2 is a 
covering ( : Z Yi Xm Y2 together with a principal \J{l)-bundle Q over Z 
and a bundle isomorphism 

a: Pi® QQ CiQ ® P2 
over Z Xm Z , which satisfies a compatibility condition with /ii and jj2- 

The canonical example of an isomorphism is the identity isomorphism idg 
of a bundle gerbe Q. It has the identity covering ( := idyp], the principal 
bundle Q .= P and an isomorphism a defined from the isomorphism fi. 

Suppose that Ai and A2 are two isomorphisms from Qi to Q2. 

Definition 4.1.3 ( |Wal07b| . Def. 3). A transformation (3 : Ai => A2 is a 

covering 

k:V ^ Zi ^{y^xmY2) Z2 

together with a bundle isomorphism (3v '■ Qi — ^ Q2 between the puUbacks of 
the bundles of Ai and A2 to V, which satisfies a compatibility condition with 
the isomorphisms ai and a2- 

Additionally, transformations {Vi, Pvi) and {V2, PV2) are identified when- 
ever the bundle isomorphisms Pvi and agree after being pulled back to 
the fibre product of Vi and V2. 

All the operations which turn bundle gerbes, isomorphisms and transfor- 
mations into a monoidal 2-groupoid are straightforward to find, and we refer 
to Section 1 of |Wain7bj . 

We shall say some words on the duality for the monoidal 2-category of 
bundle gerbes that we need in Section 15. 2[ It assigns to every bundle gerbe 
Q a dual bundle gerbe Q* , to every isomorphism A : Q — ^ Ti. a dual isomor- 
phism A* : TC* Q*, and to every transformation P : Ai => ^2 a dual 
transformation P* : A2 => ^i- The definition of these assignments can be 
found in |Wal07b| . Sec 1.3. Basically, the dual bundle gerbe Q* has the dual 
principal U(l)-bundle P* (i.e. the same set but with U(l) acting by inverses). 
The dual isomorphism A* has the same principal U(l)-bundle Q as before, 
and the dual transformation also has the same bundle isomorphism as before. 
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There are canonical isomorphisms Vg -.0*^0 T, with X the tensor 
unit of the monoidal 2-groupoid of bundle gerbes. The isomorphism Vg 
has the identity covering ( := idym, the dual bundle Q := P*, and its 
isomorphism is defined from the bundle isomorphism /i, see |Wal07a| Sec. 1.2 
for a detailed definition. There is still no treatment available that exhibits 
Vg as the unit of the duality on the monoidal 2-groupoid of bundle gerbes, 
and this article is certainly not the place to give one. 

However, in Section [5^2] we need two properties ofVg. The first is the 
existence of a canonical transformation 




associated to every isomorphism A : Q H. It can be seen as a "natu- 
rality" property of Vg. The second property is the existence of a canonical 
transformation between the isomorphism 



G g®g*®G — 



and the identity isomorphism idg. It can be seen as a "zigzag" property for 
Vg. The construction of these two transformation is straightforward and left 
as an exercise. 



4.2 Connections 

Let Q = (F, P, n) be a bundle gerbe over M. 

Definition 4.2.1 ( |Mur96| . Sec. 6). A connection on Q is a 2-form C G 
Vl?{Y) and a connection u on P of curvature curv(ci;) = 7^20 — irlC, such 
that 11 is connection-preserving. 

One tool which will be frequently used in the following is 

Lemma 4.2.2 ( |Mur96| . Sec. 8). Let vr : Y — ^ M he a surjective submersion 
and p > be an integer. Consider 

k 

i=l 



26 



Then, the sequence 

np{M) Qv{Y) ■ ■ ■ 

is exact. 

For example, we see that for a connection {C,uj) on a bundle gerbe Q, 

6^dC = n;dC - nldC = dcurv(c<;) = 0. 

This means that dC is the pullback of a unique 3-form H G Q^{M). This 
3-form is the curvature of the connection (C, a;) . We can now give the 

Proof of Lemma [3.3.51 from Section [331 We have to show that the set of 
connections on Q is an affine space over the vector space 

Vg := (n^M) © n\Y)) I (d © TT*) ^]l(M). 

We shall first define the action and then show that it is free and transitive. 

1. If {C,<jj) is a connection on ^, and v^) G Vg, we have a new con- 
nection (C",ti;') defined by C" := C + d(/9 — TX*r] and u;' := + ^^rV^. 
Indeed, 

curv(ct;') = curv(co') + db^.^^ = S.j,{C + dip) = 5t,{C' + Ti*rj) = St,C', 

which is the first condition. Further, since = 0, the isomor- 

phism /i over y preserves cu'. This shows that (C, cu') is again a 
connection on Q. It is clear that this action is well-defined on the 
quotient Vg. 

2. The action is free: suppose {rj, ip) G Vg acts trivially. Then, 6t,ip = so 
that there exists u G Q^{M) with 7r*z/ = (f hy Lemma [4.2.2[ Further, 
dip — 7r*?7 = which implies 7r*(dz/ — r]) = 0. Since vr* is injective by 
Lemma [4.2.21 i] = du. Thus, {i], ip) = in the quotient space Vg. 

3. The action is transitive: suppose (C, a;) and {C',ij') are connections. 
Then, there is a 1-form -ip G ^^(F'^l) such that cu' = laJ + ijj. Since fi 
is connection-preserving for both u and u', we see that ^^r^ = 0. By 
Lemma [4.2.21 there is a 1-form ip G ^^(Y) such that 6t,(p = ip. We 
compute 

(5^(C" — C — d-?/') = curv(a;') — curv(u;) — 5.„dip = dip — d^^-?/' = 0, 

which means that there exists rj G f2^(M) with — tt*// = C — C — dip. 
Then, the action of (jj^ip) G Vg takes (C, cu) to (C, cu'). 
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We also remark that the action of an element {rj, ip) G Vg changes the 
curvature of ^ by d?]. □ 



Next is the discussion of connections on isomorphisms. 

Definition 4.2.3. Let A : Qi — Q2 be an isomorphism between bundle ger- 
bes over M. 

1. A connection on A is a connection k on its principal \J (1) -bundle Q. 

2. Suppose Vi = {Ci,uJi) and V2 = {C2,UJ2) are connections on Qi and 
Q2. Then, a connection k on A is called compatible with Vi and V2, if 
curv(K) = C*{C2 — Ci) and a is connection-preserving. 

Now we see immediately the claim of Lemma [3.3.6t the (non-compatible) 
connections on A are an afiine space over the 1-forms on Z. 

The next lemma shows how to pullback a bundle gerbe connection along 
an isomorphism. 

Lemma 4.2.4. Suppose A : Qi — ^ Q2 is a 1 -isomorphism, and V2 is a 
connection on Q2. Then, there exists a connection k on A and a connection 
Vi on Qi, such that k is compatible with Vi and V2. 

Proof. We choose any connection (Ci,u;i) on the bundle gerbe ^1, and 
any connection k on A. We compare the pullback connection a*{C,lK + 002) 
with the connection oJi + ^2^^ on Pi ® QQ- They differ by a 1-form P G 
The condition on a implies that 5/3 = over Z^^\ so that there 
exists a 1-form 7 G fl^{Z) with /3 = ^7. Operating with 7 on k, we obtain a 
new connection k' on A such that a is connection-preserving. Consider now 
the 2-form 

B := curv(K') - C2 + Ci G n'^{Z). 

One readily computes SB = over Z^^J so that there exists a 2-form 
rj G f2^(M) such that B = n*!]. Operating with 77 on the connection {Ci,uJi) 
yields a new connection on Qi for which k' is compatible. □ 

Finally, we need to pullback connections on isomorphisms along transfor- 
mations. 

Lemma 4.2.5. LetQi and ^2 be bundle gerbes with connection, A : Qi Q2 
and A! : Qi Q2 be isomorphisms, and [3 : A =^ A! is a transformation. 
Suppose K is a compatible connection on A'. Then, there exists a unique 
compatible connection on A such that (3 is connection-preserving. 

This connection is just the pullback of the connection n on Q' along the 
bundle isomorphism /3y : Q Q' . 
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5 Technical Details 



Here we provide the proofs of the remaining lemmata. 



5.1 Lemma 12^2^41: Trivializations form a 2-Groupoid 



We prove Lemma I2.2.4[ we define a 2-groupoid 'Triv{G) of trivializations 
of a bundle 2-gerbe G. The bundle 2-gerbe G may consist of a covering 
TT : Y — ^ M, a bundle gerbe V over Y^'^\ a product Ai over 

and an 

associator /i over F^. 

We recall from Definition 12.2.11 that a trivialization T of G consists of a 
bundle gerbe S over F, an isomorphism A:V® 7r2iS -k^S over Y^'^\ and 
a transformation a. Given trivializations T = (5,^, a) and T = {S',A!,a') 
of G, a 1-morphism B : T T' is an isomorphism B : S S' between 
bundle gerbes over Y together with a transformation 



A 



irlS 



f3 



V 



71. 



A 



over yt^l which is compatible with the transformations a and a' in the sense 
of the pentagon diagram shown in Figure [3] on page [HI 

The identity 1-morphism as well as the composition between 1-morphisms 
are straightforward to find using the structure of the 2-groupoid of bundle 
gerbes. 

If Bi = and B2 = (82,^2) are both 1-morphisms between T and 

T', a 2-morphism is a transformation ip : Bi => B2 which is compatible with 
the transformations Pi and P2 in such a way that the diagram 

7r*Bi o A > A' o (id ® 7c*Bi) 

7rJ'(/3oid ido(id@D7r2</p) 

7rlB2 o A > A' o (id (g) n*B2) 

is commutative. Horizontal and vertical composition of 2-morphisms are the 
ones of the 2-groupoid of bundle gerbes. 
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It is clear that every 2-morphism is invertible, since every transformation 
is invertible. In the same way, every 1-morphism is invertible (up to 2- 
morphisms), since every isomorphism between bundle gerbes is invertible. 

The axioms of the 2-groupoid TriviG) can easily be deduced from those 
of the 2-groupoid of bundle gerbes. 

Remark 5.1.1. If V is a connection on the bundle 2-gerbe G, it is straight- 
forward to repeat the above definitions in the 2-category of bundle gerbe with 
connection. The result is again a 2-groupoid 7riv{G, V) whose objects are 
the trivializations with connection compatible with V. 

5.2 Lemma [223]: 

Bundle Gerbes act on Trivializations 

We exhibit the 2-groupoid TriviG) of trivializations of a bundle 2-gerbe G 
over M as a module for the 2-category Qrh{M) of bundle gerbes over M. 
The module structure is a strict 2-functor 

rriv{G) X grh{M) TriviG) (5.2.1) 

satisfying the usual axioms in a strict way. 

We remark that all results of this section generalize analogous results 
for an action of principal U(l)-bundles over M on trivializations of bundle 
(l-)gerbes, see |Wal07a| . Theorem 2.5.4, and references therein. 

If T = (iS, A, a) is a trivialization and /C is a bundle gerbe over M, we 
obtain a new trivialization T./C consisting of the bundle gerbe S ® vr*/C over 
Y. Since 7r*7r*/C = 7r27r*/C, its isomorphism is simply 

A^id:V^ 7r*S O iT*7r*IC 7r*5 O 7r*7r*/C. 

In the same way, its transformation is cr ® id. If B = {B, [3) : T T' is 
a 1-morphism between trivializations and : /C — /C' is an isomorphism 
between bundle gerbes, we obtain a new 1-morphism 

M.J : T./C T'.JC' 

consisting of the isomorphism B (g) vr* J" : S (g) 7r*/C ^ S' ® vr*/C' and of the 
transformation f3 id. Finally, if if : M => B' is a 2-morphism between 
trivializations, and : J => J' is a transformation between isomorphisms 
of bundle gerbes over M, we have a new 2-morphism 

ip.(f) : M.J ^M'.J' 
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simply defined by (p0Tc*(j). The compatibility condition for the transformation 
Lf 7r*0 is satisfied since drops out due to 7r^7r*0 = TrgTr*^ over Ft^l. 

Summarizing, the action of bundle gerbes on trivializations is a combina- 
tion of the pullback n* and the tensor product of the monoidal 2-category of 
bundle gerbes. From this point of view, all the axioms of the action 2-functor 
(|5.2.1I) follow from those of the monoidal structure. It is also immediately 
clear that a genuine action on isomorphism classes is induced. It remains to 
show that this action is free and transitive. 

To see that the action is free, assume that there exists a 1-morphism 
T.JC — s- T for T a trivialization of G and /C an isomorphism. This implies 

DD(5) + 7r*DD(/C) = DD(5), 

so that 7r*DD(/C) = 0. Since tt is a covering, DD(/C) = 0. Thus, /C is a trivial 
bundle gerbe up to isomorphism. 

To see that the action is transitive we infer that bundle gerbes form a 
2-stack over smooth manifolds. The gluing property of this 2-stack has been 
shown in |SteOO| . Prop. 6.7. We also use the duality on the 2-groupoid of 
bundle gerbes (see Section [4Ti ). 

Suppose Ti = {Si,Ai,ai) and T2 = {S2,A2,<J2) are trivializations of a 
bundle 2-gerbe G. We will show that the bundle gerbe Q := iSj" C?) ^2 over Y 
is a descent object for the 2-stack of bundle gerbes: there is an isomorphism 
JT" : TC2G T^IQ of bundle gerbes over Ft^l and a 2-isomorphism 

over which satisfies an associativity condition over Y^'^\ Then, the gluing 
property implies the existence of a bundle gerbe K, over M, of an isomorphism 
C : 7r*/C ^ Q and of a transformation 



7 : 7r*C ^ J o 7T*C 



such that the diagram 



71^0 J O TlX 



ido7r537 



'^137 



(5.2.2) 



is commutative. We will then finish the proof of the transitivity by showing 
that (C,7) gives rise to a 1-morphism Ti./C T2. 
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Let us first define the descent data (JT", (p) for Q = ^ S2. The isomor- 
phism JT" is defined as the composition 



n2{Sl (g) ^2 



= TT*S^ O J (g) 

idiS)r>~^(g)id 



: 4(51*® 52) 



The transformation Lp is defined using the transformations Oi and (J2, namely 
as the composition 



naturality of V w.r.t 



The associativity condition for ip follows from the compatibility of a\ and 
(72 with the associator of G (see Figure [2] on page 1401). 

By the gluing axiom, we have now a bundle gerbe /C, an isomorphism 
C, and a transformation 7 as claimed above. We define an isomorphism 
E : S\® Ti*lC S2 as the composition 



1 ®So = So. 



By a similar manipulation one can produce a transformation 

V ® -KlSi ® 7r2*7r*/C TxlSi ® 7r*7r*/C 



^2 



7r*B 

■ vri*52 
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using 7. More precisely, (3 is defined as 

t:IB o (^1 ® id) = {V^*si ® id) o {Ai ® id®^) ^ (^^02 ^ 

idoido(id®20^) 

(P,.5r ^ id) o (^1 ® id®2) ^ (i^®2 ^ ^) ^ (.^02 ^ 

Def. of J' 

® id) o (^1 A\-^ ® id) o (id®^ ® A2) o (id®^' ® id) o (id®2 ^*c) 

naturality of 15 applied to 

Pp.) ° (id^^ ® A2) o (id^3 ^ p-i ^ o (i^^2 ^ 

compatibility between (gi and o 

(Pp. id) o (id®2 (g) ^2) o (id®^ (g) (g) id) o (id ® P^.^j ® id) o (id®^ g) 7r*C) 

zigzag for 

^2 o (id (g P^55i* id) o (id®2 <g, tt^C) = A2 o (id 7r|S). 

Finally, one can deduce from the commutativity of (15.2.21) and the definition 
of the transformation ip that [3 is compatible with the transformations cxi and 
(T2 in the sense of Figure[3l Hence, {B,P) is a 1-morphism from Ti./C to T2. 

Remark 5.2.1. Since we have only used abstract properties of the 2-stack 
of bundle gerbes, the action and its properties generalize straightforwardly 
to the 2-stack of bundle gerbes with connection. 

5.3 Lemma Ellis 

Existence of Trivializations with Connection 

We show that every bundle 2-gerbe G with connection and vanishing char- 
acteristic class admits a trivialization with compatible connection. For the 
proof we use the fact that bundle 2-gerbes are classified up to isomorphism 
by degree four differential cohomology H^(M, Z). This cohomology group fits 
into the exact sequence 

Q^{M) -H4(M,Z)^^H4(M,Z) -0. (5.3.1) 

Suppose G is a bundle 2-gerbe with connection V and with vanishing char- 
acteristic class CC(G). By exactness of f l5.3.ip . it is isomorphic to a certain 
bundle 2-gerbe I with connection defined by a 3-form H e fl^{M). We 
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will show that such an isomorphism is precisely a trivialization of G with 
connection compatible with V. This proves Lemma r3.2.2[ 

Let us first describe the bundle 2-gerbe I and the connection Vh which 
is associated to any 3-form H on M. The covering of I is the identity 
id : M M whose fibre products we can identify with M itself. Its bundle 
gerbe is the trivial bundle gerbe X, which is the tensor unit of the monoidal 
2-category Qrh{M). Its product is the identity id : X®X ^ X, and its asso- 
ciator is also the identity. The only non-trivial information is the connection 
V H- It consists simply of the 3-form H; the bundle gerbe X and the product 
of I carry trivial connections. 

Next we give a brief definition of an isomorphism between two bundle 
2-gerbes Gi and G2. It is a straightforward generalization of the notion of an 
isomorphism between bundle gerbes (see Definition I4.1.2p . An isomorphism 
A : Gi G2 consists of a bundle gerbe S over a covering ( : Z Yi Xm^2, 
an isomorphism 

A:Vi(g) ® V2 

between bundle gerbes over Z Xm Z, and a transformation a which expresses 
the compatibility between A and the products A^i and A^2- This transfor- 
mation has to satisfy an evident coherence condition involving the associators 
fj,i and /i2 of the two bundle 2-gerbes. 

If the bundle 2-gerbes Gi and G2 are equipped with connections, we say 
that a compatible connection on the isomorphism A is a connection on the 
bundle gerbe S of curvature 

curv(S') = 712-82 — '^iBi, 

and a compatible connection on the isomorphism A such that a is connection- 
preserving. 

The claimed relation to differential cohomology (realized by Deligne coho- 
mology) is established by Prop. 4.2 in |Joh02| : there is a canonical bijection 



Bundle 2-gerbes over M with "j 
connection, up to isomorphisms > = II^(M, Z). 
with compatible connection J 

Comparing the definition of an isomorphism between bundle 2-gerbes 
and Definition 12.2.11 of a trivialization makes it obvious that a trivialization 
T of G is the same thing as an isomorphism T : G I. This coincidence 
generalizes to a setup with compatible connections: there is a bijection 

Isomorphisms T : G — I with 



connection compatible with V 
and 'Vh for some 3-form H 



Trivializations of G with 
connection compatible with V 
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for every bundle 2-gerbe G and any connection V on G. 



5.4 Lemma [3^3^ 

Connections on Trivializations pull back 

Let G be a bundle 2-gerbe with connection, and let T = {S, A, cr) and 
T' = {S',A',a') be trivializations of G. We prove that one can pull back 
a compatible connection T' on T' along any 1-morphism B : T — ^ T' to a 
compatible connection on T. 

We recall that a compatible connection on T' is a pair T' = (V, uj') with 
V a connection on S' and u' a connection on A', such that a' is connection- 
preserving. 

By Lemma 14.2.41 there exists a connection k on the isomorphism B : 
S S' and a connection on S such that k is compatible. Next we need a 
connection on the isomorphism A. We look at the transformation 

A id o A TTlB o nlB-' o A nlB-' o A' o n*B. (5-4.1) 

Here we have used the transformation : id o ^ => A which belongs to the 
structure of the 2-groupoid of bundle gerbes (see |Wal07b| . Sec 1.2), and the 
canonical transformation v : id => B o B~^ which expresses the invertibility 
of the isomorphism B (see |Wal07b| . Sec. 1.3). Notice that the target isomor- 
phism of (15.4. ip is equipped with a compatible connection. Thus, by Lemma 
14.2.51 this connection pulls back to a compatible connection on A. Further- 
more, since the transformations (I5.4.ip . pyi and v are connection-preserving, 
also the transformation id o /3 is connection-preserving. This implies in turn 
that P itself is connection-preserving. 

It remains to check that the transformation a preserves connections. In 
order to see this, consider the commutative diagram of Figure [HI which ex- 
presses the compatibility between a, a' and /?. Since all transformations that 
appear in this diagram are invertible, we can rearrange it as an equation 

id o cr = (vrj'g/? o id)^^ • (cr' o id) • (id o ttjs/?) • {7TI2P ° id)~^, 

where • denotes the vertical composition of transformations. Now, since the 
right hand side of this equation is a connection-preserving transformation, 
also id o cr is connection-preserving. Just like above, it follows that a is 
connection-preserving. 
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5.5 Lemma [3T3T7] (a): Well-definedness of the Action 
on compatible Connections 

We prove that the action of the vector space Vi on the connections on a 
trivialization T of a bundle 2-gerbe G with connection takes compatible con- 
nections to compatible connections. First we have to fix some notation. 

The bundle 2-gerbe G has a covering vr : Y M and a bundle gerbe V 
over The bundle gerbe V in turn has a covering x '■ ^ Y^'^\ The 

trivialization T has a bundle gerbe S over Y, an isomorphism A over F'^l 
and a transformation a. Its bundle gerbe S has a covering u : W Y. Ex- 
panding the definitions of tensor products and isomorphisms between bundle 
gerbes, the isomorphism A : V ^ VTgiS vr^iS comes with a covering 

(: Xxym {W XmW). 

The projections x : Z X and p : Z W x^W are again coverings. By 
construction, there is a commutative diagram 

Z 
p 



W XmW 




(5.5.1) 



M 



We keep a connection on G fixed, and assume a compatible connection 
T = (C, cj, k) on T, where (C, a;) is a connection on S. Let {ip:Py¥^) ^ ^ 
represent an element in the vector space that acts on the set of connections of 
T. Its action on ▼ has been defined in Section [3731 to result in = (C",a;', k,') 
with 

C = C + dif-UJ*{dp-7T*^) 

oj' = uj + 6u;(p (5.5.2) 
k' = K + e with e := p* {6.^ouj{v - ^* P)) ■ 

Here we have used the notation ^ttow, for the alternating sum over pullbacks 
along a surjective submersion, as explained in Lemma [4. 2. 2[ 
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Let us first check that k! is a compatible connection on A. The first 
condition is the equation 

curv(K') = p*pIC' - {x*Cv + P*pIC') (5.5.3) 

of 2-forms over Z, where C-p is the 2-form of the connection on V. This 
equation can be verified using the fact that n was assumed to be compatible, 
and using the commutative diagram (15.5.11) to sort out the various pullbacks. 
The second condition for k' is that the isomorphism 

a : {x*Pv ® wlPs) ® QQ ^ CiQ ® w^Pg 

of principal U(l)-bundles over Z Xym Z is connection-preserving. Here, 
(1,(2 '■ Z XymZ ^ Z denote the two projections, x : Z Xy [2] Z ^ XxymX 
is just the map x from above on each factor, and Wi : Z Xym Z W XyW 
is the map Piop : Z W on each factor. There is a commutative diagram 
exploiting the various relations between these maps {k = 1,2): 

Z Xy[2] Z 
Z W XyW Z 

\ / H 

w w 




Y 



To check that a is connection-preserving one verifies that the connections on 
both sides change by the same 1-form on Z Xyp] Z under the action (I5.5.2p . 
On the left hand side, this is w\5t^ip + ^2^- On the right hand side, it is 
Qe +w'25f^ip. Using diagram (I5.5.4p it is straightforward to check that these 
1-forms coincide. 

The remaining check is that the transformation a is still connection- 
preserving. We note that a is some isomorphism of principal U(l)-bundles 
over a smooth manifold V . There are projections kg and kt into the cover- 
ing spaces of the source isomorphism 7rJ'2^ o ^^^■^h'P ® ^23-^) the target 
isomorphism Til-^A o [M. ® id^*^). We can safely ignore the contributions of 
the isomorphism M. and of the identity isomorphism '^^^-kI^v in the follow- 
ing discussion, since the connections on and on V did not change under 
our action. What we must not ignore is the identity isomorphism idTr*^: its 
connection changes with the connection on S\ 




(5.5.4) 
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After these premises, the two projections are kg : V Z x^y Z and 
kt : V (W Xy W) Xw Z, with Z the covering space of the isomorphism 
A and W Xy W the covering space of the identity isomorphism. We claim 
that the following diagrams are commutative by construction: 



V 



ZxwZ {WxyW)xwZ 
WxmW WXyW 



V 



ZxwZ 

Cl/ \C2 



V 



ZxwZ {WxyW)xwZ 



z 



/ 




w 





Y 



W mW Wx mW 



w 



C2 

z 

p 

WxmW 



pr2 



WXmW 




w 



We compute the changes in the connections on the target and on the source 
isomorphism of a. These are, respectively, the 1-forms 



k;{prl5^ + pT;e) and k^Qe + C^e) 



(5.5.5) 



over V. Using the diagrams above it is a straightforward calculation to check 
that these 1-forms coincide. Thus, a is a connection-preserving transforma- 
tion. 

Summarizing, we have shown that the action of an element of ^ on a 
compatible connection T on T is again a compatible connection T'. 



5.6 Lemma 13^3/71 (b): The Action on compatible 
Connections is free and transitive 

We prove that the action of the vector space Vj on the compatible connections 
of a bundle 2-gerbe G with connection is free and transitive. 

Showing that the action is free is the easy part. We assume that an 
element {ip,p,ip) G Vi acts trivially on a connection T = {C,lj,k) on a 
trivialization T = {S, A, cr). That means that the 1-form e = p*6t,ouj{'^ — ^^*p) 
vanishes and that {rj, (p) E Vs with rj = dp — '7i*ip vanishes in V^. 

Since p is a covering, the vanishing of e implies that already SnoLuif — 
u!*p) = 0. By Lemma [4.2.2l this implies the existence of a 1-form x ^ f2^(M) 
such that (I) a;*7r*x = u!*p — ip. The vanishing of {rj, ip) implies the existence 
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of a 1-form v G such that (II) rj = du and (III) (p = ljJ*v. (I) and 

(III) imply (IV) p = Tx*x + t-'- (II) and (IV) imply (V) dx = ^. Equations 
(V), (IV) and (III) show that {ifj^p^ip) lies in the subspace U we divide out 
in Proposition I3.3.4[ 

Now we prove that the action is transitive. We assume that ▼ = (C, k) 
and = (C, k') are two compatible connections on a trivialization T. 
From Lemma [3.3.51 and Lemma [3.3.61 we obtain e e Q}{Z)^ ip G Q}-{W) and 
7] G f]2(F) such that 

C" = C + d(y9 — uj*rj , a;' = a; + (J^^^? and k = n + e. 

First we consider the 1-form 



with : Z W the projections from Section 15.51 We denote the evident 
projection to the base space of Ahy i : Z Y^'^\ Using the identity 

(2^ = ere + W26^(p - wl5^(p 
that we have derived in Section 15.51 it is straightforward to check that 

^eP = QP - CiP = 0, 
so that by Lemma [4.2.2l there exists a 1-form p' G ^^(F'^l) such that i*p' = p. 

Now we denote by V the covering space of the transformation a, and 
we denote hy k : V the evident projection to the base space of the 

involved bundle gerbes. Note that the following diagrams are commutative: 



V 

k 

Y 



■3] 



e 



V 

k 

Y 



(loks 



V ^ z 



V 



3] 



Y 



k 

Y 



3] 



■""31 



Y 



2] 



pr^ofct 

WXyW 



z 

pi 

w. 



Using these diagrams and the coincidence of the 1-forms (I5.5.5p . one readily 
verifies 

k*{rr*2iP' - Txl^p' + T^l^p') = KC2P - A;;pr;p + KQp = 0, 
so that again by Lemma [4.2.21 there exists a 1-form p G ^^(Y) such that 

SnP = P' ■ 

Finally we consider V^' := dp — G ^{Y\ We compute 

r(7r2V-vriV)=0, 

using the remaining condition (15.5.31) . Thus, we find a 1-form ^ ^{M) 
such that ■n*'^ = ip'. Tracing all definitions back, we see that acting with 
{'ijj,p,e) on ▼ we obtain ▼'. 
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Figures 



id o (7rj['234/u (81 id) 




id o (id O 7r2345/x) 



Figure 1: The pentagon axiom for the associator /i 
of a bundle 2-gerbe. It is an equation of two transfor- 
mations between isomorphisms of bundle gerbes over 
y[5]. 



ttI^^A o (77^34 ig) id) o (TTiaaA^ ® id (g) id) 



id o ® id) 




7ri4^ o (7rj24A^ <8) id) o (id (g) ■JT2S4M (g id) 7ri3>l o {■JTI23M (g id) o (id (g id (g 7r34>l) 



7ri24(T o id 



7ri230- o id 



^12-^ o (id (g 7r24^) o (id ig 77334^1 ig id) 7ri2>l ° (id (g 7r23^) o (id (g id 7r34^) 



id o (id (g 77^34 cr) 



Figure 2: The compatibility between the associator 
/X of a bundle 2-gerbe and the transformation cr of a 
trivialization. 
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7ri2^' o (id n^B) o (id (g) Tr^g^l) 




<fi o (id ® 7ri*3^) o (A^ ® id) )• nl^A' o (TW tt^B) 

■^130 ° id 



Figure 3: The compatibility between the transforma- 
tions a and a' of two trivializations T and T' and the 
transformation /3 of a 1-morphism B = {B, [3) between 
T and T. 
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